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Abstract. This work deals with a class of one-dimensional measure- valued 
kinetic equations, which constitute extensions of the Kac caricature. It is 
known that if the initial datum belongs to the domain of normal attraction of 
an ct-stable law, the solution of the equation converges weakly to a suitable 
scale mixture of centered a-stable laws. In this paper we present explicit ex- 
ponential rates for the convergence to equilibrium in Kantorovich-Wasserstein 
distances of order p > a, under the natural assumption that the distance be- 
tween the initial datum and the limit distribution is finite. For a = 2 this 
assumption reduces to the finiteness of the absolute moment of order p of the 
initial datum. On the contrary, when a < 2, the situation is more problematic 
due to the fact that both the limit distribution and the initial datum have in- 
finite absolute moment of any order p > a. For this case, we provide sufficient 
conditions for the finiteness of the Kantorovich-Wasserstein distance. 



1. Introduction 

This paper is concerned with the study of the speed of convergence to equilibrium 
— with respect to Wasserstein distances — of the solution of the one-dimensional 
kinetic equation 



(1) 



Mo = Mo- 



The solution \i t = /if(-) is a time-dependent probability measure on B(M), the 
Borel cr-field of R. Following [31 [TO] we assume that Q + is a suitable smoothing 
transformation. More precisely, the probability measure Q + (p,,[i) is characterized 

by 

(2) I g(v)Q + (fi,fj,)(dv) =E[ / [ g(v 1 L + V2R)fi(dv 1 )n(dv 2 ) 

for all bounded and continuous test functions g £ C&(R), where (L, R) is a random 
vector of M. 2 defined on a probability space (fi, J 7 , P) and E denotes the expectation 
with respect to P. 

For suitable choices of (L,R), equation ([I])-© reduces to well-known simplified 
models for a spatially homogeneous gas, in which particles move only in one spatial 
direction. The basic assumption is that particles change their velocities only be- 
cause of binary collisions. When two particles collide, then their velocities change 
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from v and w, respectively, to 

v' = L\v + Riw w' = R2V + L2W 

where (L±, Ri) and (L2, R2) are two identically distributed random vectors with the 
same law of (L, R). A fundamental hypothesis on (L, R) in this kind of equation is 
that there exists an a in (0,2] such that 

(3) E[\L\ a + \R\ a ] = 1. 

The first model of type CO)-© has been introduced by Kac [22], with collisional 
parameters L = s'm9 and R = cos 9 for a random angle 8 uniformly distributed 
on [0,27r). The inelastic Kac equation, introduced in |29j to describe gases with 
inelastically colliding molecules, corresponds to (HJ)-© with L = |sin0|"sin0 and 
R = I cos 9 1 d cos 9, where d > is the parameter of inelasticity. In this case, ((3]) 
holds with a = 2/(d+ 1). 

A less standard application of equations of type ([I])-© is concerned with the 
construction of kinetic models for conservative economies. These models consider 
the evolution of wealth distribution in a market of agents which interact through 
binary trades, see for example [51 171 |2"4"1 |2"7] . 

Finally, we mention that, using results in [9], it can be shown that the isotropic 
solutions of the multidimensional inelastic homogeneous Boltzmann equation [8] are 
functions of one-dimensional [it that are solutions of equation ([I])-© for a suitable 
choice of (L,R) and fio. 

Recently, the generalized Kac-equation H}-© nas been extensively studied in 
many aspects. In particular, the asymptotic behavior of the solutions of (HI)-© 
has been satisfactory treated in (2j El [10], while the problem of propagation of 
smoothness has been addressed in [24[ [25] when a = 1 or a = 2. 

In [3J it is proved that, if L and R are positive random variables such that ([3]) 
holds true for a e (0, 1) U (1, 2], E[L P + R p ] < 1 for some p > a and fio belongs 
to the domain of normal attraction of an a-stable law (£iq being centered if a > 1), 
then the solution /it converges weakly to a probability measure /i^, that is a mixture 
of centered a-stable distributions. Some extra conditions are needed for the case 
a = 1, but the result is essentially of the same type. For a precise statement of 
these results, see Theorems 12 . 21 and 12 .31 in Section \%~M As for the limit distribution, 
it is easy to see that fioo is a steady state, that is a fixed point of the smoothing 
transformation Q + . Moreover, it has been proved that also the mixing distribution 
is a fixed point of another smoothing transformation. For more information on 
fixed points of smoothing transformations see |16| . See also the very recent paper 
p] and the references therein. 

In addition to the problem of finding sufficient (and eventually necessary, see e.g. 
|20| ) conditions for the relaxation to the steady state, an important problem is to 
determine explicit rates of convergence to the equilibrium with respect to suitable 
probability metrics. 

In the case of the Kac equation, that has the Gaussian distribution as steady 
state, rates of convergence with respect to Kolmogorov's uniform metric, weighted 
X~ metrics of order p > 2, Wasserstein metrics of order 1 and 2 and total variation 
distance have been proved. See [14] [15] [19] . As for the inelastic Kac equation, in [4] 
rates of convergence to equilibrium with respect to Kolmogorov's uniform metric 
and ^-weighted metrics have been derived. For the solutions of the general model 
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CO)-© less is known. Some results for the Wasserstein distances, of order p < 2 

have been proved in [21 [3] . 

The aim of this article is to prove new exponential bounds for the speed of 

approach to equilibrium for the solution of ([H)-© with respect to Wasserstein 

metrics of any order. 

Our main results from Theorems 13 . 3[ [3T4l and [3. 1 01 can be summarized as follows: 
Assume that L and R are positive random variables such that ¥{L > 0} + P{i? > 

0} > 1, © holds with a £ (0, 1) U (1, 2] and E[L P + RP] < 1 for some p> a. If p, 

belongs to the domain of normal attraction of an a-stable law (fi^ being centered if 

a > 1) and the Wasserstein distance d p (jlo, Hoc) is finite, then 

dpi/J-t, A*oo) < Cfi ^e~ Ka ' pt 

for suitable positive constants C POiP and K a ^ p . 

A similar result holds for a = 1, see Theorem 13.41 The constant K ap , that will 
be explicitly computed for a < 2, depends only on the law of (L,R), while Cp . p 
depends also on jig and is finite if d p (p,Q, fioa) < +oo. It is worth noticing that, 
if a < 2, the assumption c? p (/2o, fioo) < +oo is a non-trivial requirement, since, 
with the exception of some degenerate case, one has that L \x\ p p,o(dx) = +oo and 
J R \x\ p pLooidx) = +oo for every p > a. For this reason, sufficient conditions for the 
finiteness of d p (p,o, Poo) will be presented. 

The rest of the paper is organized as follows: Section [2] contains a brief sum- 
mary of some known results on the relaxation to equilibrium for the solution of 
equation (H}-©. Section [3] contains the main results of the paper. More specifi- 
cally, Subsection 13.11 presents the exponential bound for the Wasserstein distance 
dp (/it, Moo) m the case a < 2. Subsection 13.21 contains some sufficient condition for 
dp(flo, fJ-oo) < +oo when a < 2. Finally, Subsection 13.31 treats the case a = 2. The 
proofs are collected in Sections HE 

2. Preliminary results 
The following assumption will be needed throughout the paper. 
Assumption (Hq): L and R are non-negative random variables such that 

(4) F{L > 0} + F{R > 0} > 1, 
moreover there exist a in (0, 2] and p > satisfying 

(5) E[L a +R a ] = 1 
and 

(6) E[L p + R p ] < 1. 

For later reference, introduce the convex function iS : [0, oo) — > [— 1, oo] by 

S(s) = E[L S +R S ] - 1, 

with the convention that 0° = 0. Clearly, under (Ho), S(a) = and S(p) < 0. In 
addition, one has that 

(7) P{(L, R) e {0, l} 2 } < 1 and 5(0) > 0. 



4 



FEDERICO BASSETTI AND ELEONORA PERVERSI 



2.1. Probabilistic representation of the solution. In this paper we shall use 
the Fourier formulation of fl}. We say that [it is a (weak) solution of ([1]), with 
initial condition p,o, if its Fourier-Stieltjes transform At(£) = Jm e -1 ^ fit(dv) obeys to 
the equation 



(8) 



Ao(0 := / e^Ao(^) 



where 

(9) Q+[/,.g](0 :=E[/(Le).9(i?0] 

for any couple of characteristic functions (f,g). 

As in the case of the Kac equation, it is easy to see that (jHJ) admits a unique 
solution At (in the class of the Fourier-Stieltjes transforms) which can be written 
as a Wild series [33J 

(10) £*(£) = £e-*(i-e-') n 9»(0. 

n>0 

where qa(Q := Ao(£) and, for n > 1, 

(11) 9»(6:=-EQ + fe.9«-H')K)- 

In [3J it has been shown that the solution of ([lj is related to a suitable stochastic 
process. More precisely, the unique solution fi t of ([1} with initial datum /2o is the 
law of the weighted random sum 

N t 

3=1 

with the following elements defined on a sufficiently large probability space (f2, J 7 , P): 

• a sequence (Xj)j>\ of i.i.d. random variables with distribution ftg] 

• a stochastic process (N t ) t >o which takes values in N and with 

P{7V t = ?i} = e- t (l-e- t )™- 1 

for every n > 1 and t > 0; 

• a random array of weights (/3j, n • J = 1, . . . , n)„>i recursively defined by: 

ft.l ~ 1 

{Pia, ha) ■= (Li,Ri) 

\Pl,n+l, ■ ■ ■ , Pn+l,n+l) 

'■= {01,n, • • • j Pl„-l,n, L n f3j ntn: R n Pl n ,ni Pl n + l,n: • ■ • , fin,n)- 

where (L n , R n ) n >i is a sequence of independent and identically distributed 
(i.i.d., for short) random vectors with the same distribution of (L,R), and 
{In)n>i is a sequence of independent random variables such that I n is uni- 
formly distributed on {1, . . . , n} for every n > 1; 

• {Xj)j>ii (Nt)t>o, (L n , Rn)n>i, {I n )n>i are stochastically independent. 
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As a matter of fact, it is possible to prove that for every n > 1, q n -i — defined in 
(fTTj) — is the characteristic function of the random variable 

n 

(12) Wn-YjhnXj. 

J=l 

See the proof of Proposition 1 in [3] . Since Vt = Wjy t , from (JTOJ) it follows that \it 
is the law of Vt ■ 

2.2. Martingale of weights and fixed point equations for distributions. It 

is easy to prove that, under (Hq), Y] ■_ 1 /3" n is a (positive) martingale and hence it 

converges a.s. (as n +oo) to a random variable M» . Moreover, satisfies 
the fixed point equation for distributions 

(13) M&> = L a M^ + R a M^ 2 . 

In ([13]), M^\, A/^ and (L,i?) are stochastically independent, and M^ 2 

have the same law of and Z x = Z 2 means that the random variables Z\ and 

Z 2 have the same distribution. For a proof of these facts see Proposition 2 in [3J. 
Note that equation (|13p can be written in terms of the characteristic function 

K{0 = E[cxp{^A4 Q) }] as 

(14) v a {0=ni>a{L%)v a {R%)] (£eR). 

In the next proposition we collect some useful properties of the solution of equa- 
tions CGI])-CE1. 

Proposition 2.1 ( [TJ [TBI [53] ) . Let (Hq) be in force with a < p. Then, there is 
a unique probability distribution v a on Z?(R + ) with J R+ vv a (dv) = 1 and Fourier- 
Stiletjes transform £ Q (0 = L e l ^ v v a (dv) satisfying equation (|14l) . Moreover, 

(i) // L Q + i? Q = 1 almost surely, then v a {') = 

(ii) If ¥{L a + i?" = 1} < 1, i/ien i/ Q is non-degenerate and, for any q > a, 
J R+ U"f Q (dv) < +00 if and only if S(q) < 0. 

2.3. Stable laws. Recall that a probability distribution g a is said to be a centered 
stable law of exponent a (with < a < 2) and real parameters (A,/3), A > and 
|/?| < 1, if its Fourier-Stieltjes transform g a (£,) = J R e l ^ v ga(dv) has the form 

( cxp{-A|C| Q (l-^tan(7ra/2) sign^)} if a e (0, 1) U (1, 2) 

(15) g a (0 = { exp{-A|e|(l + 2i i S/ 7 rlog |^| sign 0} if a = 1 

{ cxp{-A|£| 2 } if a = 2. 

By definition, a probability measure /2o belongs to the domain of normal attrac- 
tion of a stable law of exponent a if for any sequence of i.i.d. real- valued random 
variables (X n ) n >i with common distribution /2o, there exists a sequence of real 
numbers (c n ) n >i such that the law of n _1 / Q J^iLi -^i ~ c « converges weakly to a 
stable law of exponent a. 

It is well-known that, provided a/2. a probability measure /2o belongs to the 
domain of normal attraction of an a-stable law if and only if its distribution function 

Fq(x) := JXq ((— 00, x]j satisfies 

(16) lim x a (l - F (x)) = c+ < +00, lim |a;| Q F (a;) = C( 7 < +00. 

x— >+oo x— V — 00 
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Typically, one also requires that Cq + Cq > in order to exclude convergence to 
the probability measure concentrated in 0, but here we shall include the situation 
Cq" = Cq = as a special case. The parameters A and (3 of the associated stable 
law in (|15p are related to Cq and Cq by 

(17) A = (4 + c o ) 7r g = 4 - c o 

1 ' 2r(a)sin(7ra/2)' P c+ + Cq ' 

with the convention that /? = if Cq + =0. In contrast, if a = 2, Fq belongs 
to the domain of normal attraction of a Gaussian law if and only if it has finite 
variance a 2 . The parameter A of the associated Gaussian law in (|15|) is given by 
A = See for example Chapter 17 of [T5] and Chapter 2 of |21| . 

2.4. Convergence to Steady states. We are ready to state the results concerning 
the convergence of \xt to a steady state, that is a probability measure \Xoo such that 

Theorem 2.2 (0). Assume that (Hq) holds true with 1 and that Fq satisfies 
(|16p . In addition, assume that J R vp,o(dv) = if a > 1. If p < a, then fi t converges 
weakly to the degenerate probability measure So, while, if p > a, then Ht converges 
weakly to a steady state /i^ with Fourier- Stieltjes transform 

(18) / e^Voo^u) = / e- Xm ^ a ^-^ tan< - a ^ sisn ^v a (dm) (£ e M), 

where v a is the same as in Proposition 12. II and the parameters A and /3 are defined 
in (H7J) /or a<2 and (A, /3) = (er 2 /2, 0) /or a = 2. 

We conclude this section by considering the case in which a = 1. We state a 
slight variant of Theorem 4 in [3] . 

Theorem 2.3. Assume that (Hq) holds with a = 1. Suppose that Fq satisfies 

(19) lim |x|F (x) = lim x |"l - Fq(x)} = c € [0, +oo) 
and suppose, in addition, that 

(20) lim / xdF (x)= 7 o 

fl->+>»i(_ J j iR ) 

wif/i — oo < 70 < +oo. // p < 1, then [i t converges weakly to the degenerate 
probability measure 5q, while, if p > 1, then fit converges weakly, as t — > +oo, to a 
steady state with Fourier- Stieltjes transform 

(21) I e^Hocidv) = [ e m(l70 «- C07r| « l) i/ 1 (dm) 
Jr Jr+ 

where v\ is the same as in Proposition ^. 11 

This theorem can be proved in a very similar way of Theorem 1 of [3], for the 
sake of completeness a sketch of the proof is given in Appendix 151 

Remark 1. It is worth noticing that the steady states /ioo described in Theorems 
\2.2M2.3\ are the unique possible fixed points of Q + . See Theorems 2.1 and 2.2 in pQ. 
Necessary conditions for the convergence of [it to a steady state /ioo are investigated 
in BSD. 
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3. Rates of convergence in Wasserstein distances 

The minimal L p -metric — or Kantorovich-Wasserstein distance of order p 
(p > 0) between two probability measures \i\ and /12 on B(M) is defined by 



(22) d p {ni,H2) ■= inf ( / \x - y\ p m(dxdy) J 

m£M(u-i ,u 2 ) \ ./«2 / 



lAl/p 



where A^(/ii, /X2) is the class of all the probability measures on B(M. 2 ) with marginals 
\x\ and //2, that is the probability measures m such that m(- x R) = /Ux(-) and 
m(M x ■) = /i2(0- I n general, the infimum in (|22[) may be infinite; a sufficient 
(but not necessary) condition for having finite distance between \i\ and /i2 is that 
both L |v| p /^i(dv) < +00 and J R |v| p /^2(rfw) < +00. An important property of the 
Kantorovich-Wasserstein distance is its close connection with weak convergence of 
probability measures; namely, if (vt)t>o is a family of probability measures such 
that J R \v\ p vt{dv) < +00 for every t > and Voo is a probability measure such that 
Jk \ v \ Pv oo{dv) < +00, then d p (y t , v^) — > 0, as t — > +00, if and only if f t converges 
weakly to and 



|a;| p i/ t (cix) ->• / |x| p i/oo(dx) for t -> 00. 
./r 

See, e.g., Lemma 8.4.35 in (30]. Recall also that d p (v t , v^) — > 0, as i — > +00, yields 
the weak convergence of ft to v^, even if J R |w| p f t ((iw) = +00 for every t > 0. 

In the rest of the section we deal with the problem of providing an upper bound 
for d p (/j,t, A* 00) when /i t is the solution of (JfJ with initial condition /2o and ^00 is 
the corresponding steady state. 

When a 7^ f , 2, taking advantage of a probabilistic representation of the solution 
recalled in Section 12.11 it is relatively easy to get an upper bound for d p (p t , Moo) 
whenever p < 2. The reason of the restriction to p < 2 is that in proving such kind 
of estimates a key point is the employment of the von Bahr - Esseen inequality for 
sums of independent random variables - see (|4"Tj) -, which holds only if p < 2. In 
order to enunciate these rates of convergence we recall that the so-called spectral 
function, introduced in |10j . is the function tp: (0, +00) -> 1 := 1U {—00, +00} 
defined by 

(23) <p{ q ) := ^. 

Theorem 3.1 f[5]). Le< i/ie same assumptions of Theorem l2. 21 6e m /orce /or some 
p iwii/i 1 < a < p < 2 or a <p< 1. // d p (fio, Poo) < +00, then 

dM^oo) < Ai A1 d p (Ai , Moo )e-^WI^ A1 ), 
w'tt A = 1 ifp<l, or A ~ 2 otherwise. 

Remark 2. /£ is worth noticing that, if a < 2 and Cq + Cq > ; £/ie assump- 
tion d p (p,Q, fioo) < +00 is a non-trivial requirement, since J R \x\ p po(dx) = +00 
and J R \x\ p poo(dx) = +00 for every p > a. In Section 13.21 we will give sufficient 
conditions for the finiteness of d p (pa, Poa). 

Theorem 13 . 1 1 does not cover the cases a = 1 and a = 2 and the cases a G (0, 1) 
and p > 1 or a £ (1,2) and p > 2. In the next sections we will plug this gap. 
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3.1. Statement of the main results for a < 2. In this section we will enunciate 
two results which provide (exponential) rates of convergence to equilibrium for the 
solution of ([1]) with respect to the Wasserstein distances of any order. The proofs 
of these statements will be established by using the probabilistic representation of 
the solution of (JlJ and employing an inductive argument inspired by a technique 
developed in [17J . This inductive argument makes use of rates of convergence to 
equilibrium with respect to Wasserstein distances of order p < 2; thus, it is crucial 
to have estimates for dp(fit, fioo) when p < 2. Theorem 13.11 fulfills our need if 
a 1, while, when a = 1, we have to prove an estimate that will make us able 
to proceed with the next inductive argument. This key step is provided by the 
following theorem. 

Theorem 3.2. Assume that (Ho) holds true with a = 1 and 1 < p < 2, and that 
p,o satisfies the assumptions of Theorem 12.31 If d p (p,Qi fi>oo) < +oo, then 

(24) d p ( Mt , Moo )<C p e^(P)l, 
for a suitable constant C p = C p (p,o) < +oo. 

Note that if J R \v\p,o(dv) < +oo, then cq = 0, 70 = f R vp,o(dv) and /ioo(-) = 
w i("/7o)- By Proposition 12.11 (ii). since S(p) < 0, we know that f M+ v p v\ (dv) < 
+00 and hence L |w| p /j, 00 (d , i;) < +00. Thus, g? p (mo,Moo) < +00 if and only if 
J R \v\ p £t,o(dv) < +00 and Theorem 13.21 reduces to Theorem 5 of [3|. Analogously, if 
p,o is symmetric and satisfies (|19[) . then the previous theorem reduces to Theorem 
2.4 in [2]. 

In order to introduce the generalizations of Theorems l3.ll and l3.2l to Kantorovich- 
Wasserstein metrics of higher order, we define, for i = 1, 2 and every q > i, 

Ki(q) := max{(p(i),(p(q)}. 

We are now in the position to enounciate the aforementioned exponential rates of 
convergence, which are divided into two different theorems according to the value 
of a. 

Theorem 3.3 (0 < a < 1). Assume that (Ho) holds true with < a < 1 and 
p > 1. Assume also that /2q satisfies the hypotheses of Theorem 12.21 and that 
d p (p,o, fioo) < +00. Then there exists a constant C p = O p (po) < +°° such that 

(25) din a )<! V ^ 
(25) d P (Mt,Moo) < I Cpte -t\K l(p )\ lf ^ p) = ^ {l) 

for every t > 0. 

Theorem 3.4 (1 < a < 2). Assume that (Hq) holds true with 1 < a < 2 and 
p > 2. If a = 1 suppose that p,o satisfies the hypotheses of Theorem 12.31 while if 
1 < a < 2 assume that fio satisfies the hypotheses of Theorem 12.21 Assume also 
that d p (p,o, Hoc) < +00. Then there exists a constant C p = C p (Jjlq) < +00 such that 



(26) d p (nu Moo) < n p 



Cpe -t\K 2 ( P )\ 1/^)^(2) 



Cpie"*!^ 2 ^)! if <p(p) = <p(2) 



for every t > 0. 



Example 1. Lei us consider the case in which L = 1 — R = U where U is a 
random variable uniformly distibuted on (0, 1). In this special case S(s) = omd 
v( s ) = s (i+s) ' Si nce = <5(1) > <5(p) f or every p > 1, Theorem \2.S\ can be applied. 
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In particular, using also Proposition \ 2.1\ (i), we have that v\ = 81 and [Loo is a 
Cauchy distribution of scale parameter ttcq and position parameter 70. Noticing 
that </?(2) = ip(S) = —1/6, Lemma \5.'2\ in Section^ entails that Theorem \&.4\ holds 
with 

-1/6 if 2 < p < 3 

(l-p)/( P + P 2 ) ifp>3. 



K 2 ( P ) 



Example 2. Another interesting example is the case of the inelastic Kac equation 
|29| . The inelastic Kac equation can be reduced to a special case of equation ((J)-© 
with L = |cos(#)| 1+d and R — |sin(#)| 1+d , 9 being a random variable uniformly 
distributed on (0, 2ir) and d > 0. In this case 



S(s) = / (| sin(#)| (1+d)s + I cos{0)\ {1+d ^)d0 - 1 

2n J(0,2tt) 

-1/ lsinf0H (1 " M)s dO - 1 - _ 2 _ r (^T s + ll _ 1 



2 

where T{x) = / + °° t x ~ 1 e~ t dt. Clearly S (a) = for a = 2/(d+l), moreover S(p) < 
/or every p > a, so that Theorems I fflTOl can 6e applied. As before, v a = 8\ and 
fioo is an a-stable distribution. Since lim s ^. +00 S(s) = —1, then lim s _ ) .-|_ 00 tp(s) = 
and, invoking Lemmma \5. e A one proves that v(s) has a unique minimum point in 
Pg d '. Clearly p^ 1 = p§ '2 j '(d + 1) where p^ is the unique minimum point of 

\ ( 2 r( s + i) i 



s V0Fr( s + i) 

Numerically one sees thatp ( 1} w 2.413. On the one hand, it is easy to check that if 
d < 1, i.e. a > 1, one /ias Pq > 2. Hence, in this case, there exists a point p* d > 2 
smc/i i/iai —K^ijp) = f{2) if 2 < p < p* d and — A^(p) = tp{p) if p > p* d - On the other 
hand, if d > 1, i.e. a < I, one has two different situations: (i) Pq < 1 whenever 
d > 2p^ — 1 fa 3.826, thus — Ai(p) = ip(p) for every p > 1; (ii) p^ > 1 whenever 
d < 2p i Q 1) - 1 w 3.826, thus -K x {p) = tp(l) if 1 < p < p* d and -Ai(p) = tp(p) if 
p>p* d for a suitable p* d > 1. 

3.2. Asymptotic expansion for the tails of floo and sufficient conditions 
for the finiteness of d p (j2o, fioo) when a < 2. In the theorems of the pre- 
vious subsection the constants C p - which could be explicitly computed in the 
proofs of Theorems 13.31 and 13.41 - depend on d p (p,Q, ^oo) and hence the assumption 
d p (p,Q,fi 00 ) < +00 is a fundamental requirement for (|25p and (|26|) to be mean- 
ingful. In some particular cases this assumption reduces to a simpler hypothe- 
sis on the finiteness of the absolute p-th moment of the initial datum /2o. More 
precisely, as already noted after Theorem 13.21 if a = 1 and J R \v\p,o(dv) < +00, 
then d p (p,Q 1 fi co ) < +00 if and only if J R \v\ p fio(dv) < +00. Furthermore, if 
a G (0,1) U (1,2) and c^ + c^ = 0, then /i^ = 5q, and therefore d p {^n^oo) — 
in Theorems 13.31 and 13.41 — reduces to the absolute moment of order p of /i t . In 
particular, d p (po, Moo) < +00 holds true if and only if J R \x\ p p,o(dx) < +00. All 
the other cases are more problematic. Indeed, as already recalled, if a < 2 and 
c^ + Cq" > 0, then J R \x\ p fio(dx) = +00 as well J R \x\ p ^^(dx) = +00 for every 
p > a. 
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Here we give a criterion that provides the finiteness of dp(fxo, fJ-oo) when p > a. 
The main result of this section is contained in Theorem 13.71 which extends Lemma 
1 of 0. 

Let us start by noticing that (|18p can be immediately rewritten in terms of random 
variables as follows: under the hypotheses of Proposition 12.11 and Theorem 12.21 



let Mf be the unique solution of equation (|13p . consider an a-stable random 
variable S a of parameters (A, /?) given by (fTT|) and assume that Mi"' and S a are 
stochastically independent. Finally, let be a random variable whose probability 
distribution is yUoo. Then, (JT5J) becomes 

(27) ^IS a (lW)°. 
Note that, in the same way, (|2ip becomes 



(28) Ko = (St + 7o)MW = C^M&K 

where C\ tla is a Cauchy random variable of scale parameter A = ttcq and position 
parameter 70, and Si = C\,o- In other words, for every a G (0, 2], Voo is an a-stable 



random variable randomly rescaled by (M, 

It is useful to observe that, in order to obtain sufficient conditions for the finite- 
ness of d p (fio, (J-oa), when a = 1 we can suppose, without loss of generality, that 
70 = 0. This fact is justified by the next lemma. 

Lemma 3.5. Let (Ho) hold true with a — 1 and p > 1. Assume that po satisfies 
(fT9| and (|20| . define /Uq(') : ~ Mo(" + 7o) an d let f*oo oe the corresponding steady 
state. Then, lim^_). +00 R \ xp,g(dx) — and 

(29) / e^n^dv) = f e- mct)7r| «^i(dm). 



In addition, d p (fio, fi^) < +00 if and only if d p (fj,Q, fj^) < +00. 

Hence, in the rest of this section, we assume that 70 = whenever a = 1. Under 
this assumption, (f2"5)) reduces to (|2T|) and we can write 



(30) 



F^x) := Moo ((-oo,a-]) = p{s q (a4 q >) q < x} 



F 



=0} 



where F Q is the distribution function of S a . At this stage we can derive a use- 
ful asymptotic expansion of F^ combining (|30[) with the well-known asymptotic 
expansion for the probability distribution function of a stable law. 

Proposition 3.6. Let < a < 2. If a ^ 1 let the same assumptions of Theorem 
12.21 hold with c^ + Cq > 0, while if a = 1 let the same hypotheses of Theorem l2. 31 be 
in force with 70 = and cq > 0. Let i 7 ^ 6e £/ie distribution function of the steady 
state described in Theorem 12.21 Theorem 12.31 respectively. Then 
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(i) J/a / 1, \/3\ 7^ 1 and S(a(k + 8)) < for some integer k > 1 and some 

, fc and 



(31) 
(32) 



<5 e (0, 1], then m, := E[(M^ ] y} < +oo for i = 1 

1 



Foo(x) ~ \ x \ a 



fc-i 



2a 



ka 
+ 

k-l 



O 
f O 



| x |(fc+<5)a 
1 

X (fe + «)Q 



/or a: 
for x - 



l-Foo(a;) = — + -£- + ••• 

where cf := c^to.; + i /or i = 0, . . . , k — 1, with being defined by (|16[) 
and (c,j )i<i<fe-i suitable constants (see (|79p m Appendix A). If a ^ 1 
and (8 = —1 [/? = 1, resp.] and S(a(k + <5)) < ; t/ien (|31|) ZioZds and 



1 

.r 



i^Or) - O(^) /or x -»• +oo [{35} fcolds and F^^) = o(^) /o 



-oo, resp.] /or every r) > suc/i i/iai <S(n) < 0. 



(ii) If a = 1 and S(2fc — 1 + (5) < /or some integer k > 1 and 5 € (0, 2], i/ien 
m2i+i := H£[(MiP) 2i+1 ] < +oo /or i = 0, . . . , k — 1, i^oo is symmetric and 
fc-i 



F ao (x) = J2 



C; 



2i+l 



i=0 

(-l)'A 2i+1 m 2i+1 
7r(2i-l) 



1 



\2k-l+6 



for x 



for % = 0, . . . , k — 1. 



For the proof of this proposition the reader is deferred to Appendix A. 

It is worth noticing that — with the exception of few cases, see e.g. [B] — in 
general there is no analytical expression of the law of M<£ , i.e. v a . Nevertheless, 
having an explicit expression of the mixed moment of (L, i?), it is always possible 
to recursively determine the exact expression of the integer moments of v a , i.e. 
to; := E[(M ( ^ ) ) i ]. Indeed, mi = 1 and, for i = 2, . . . , k, 



m, 



i-l 



1 - E[L° 



J =\ \ 



This recursive formula can be easily obtained using (|T3"|) and Newton binomial 
formula. The next theorem provides the announced sufficient conditions on the 
initial datum /2o that ensure the finiteness of d p (/2n, /^oo)- Essentially, d p (/2o,/ioo) is 
finite whenever the tails of Fo are close enough to the tails of . 

Theorem 3.7. Let < a < 2. If a ^ 1 let the same assumptions of Theorem 
hold with i 



c > 0, while if a = 1 let the same hypotheses of Theorem 12. 31 be in 



force with 70 = and cq > 0. Let p > a and set k :- 



1 



p— a 
pet 



(i) Let 7^ 1. Assume that S(s) < for some s > a + (p — o)/p and that Fq 
satisfies 



(33) 
(34) 



F (x) 



k-l 



jL^i \ x \(i+l)a 
i=0 1 1 



< 



C(M) 



for x 



k-l 



l-Fo(x)-J2 



4=0 



\x\( 



i+l)a 



< 



|(i+^r)« 



for x — > +00 
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where Cq , cjj", cj~, , . . . , c^_ 1 , c^_ 1 are given in Proposition 13.61 and 

Q: (0, +oo) — > R + is a continuous, monotone decreasing function on [B, +oo) 

such that 

(35) f ^-^-dx < +oo 

Jb x 

for some B > 0. Then 

dp(fio, Moo) < +oo. 

(ii) If a 1, j3 = — 1 [/? = 1, resp.], suppose that (|33[) [ (|34|) . resp.] /io/ds irite, 
ftat J +o ° \x\PdF (x) < +oo 

[J-oo \x\ p dFo(x) < +oo, resp.} and S(s) < 
for some s > max(p, a+ (p — a)/p). Then 

dp(fio, Moo) < +oo. 

Remark 3. ^4 simple example of function £ is f(ai) := /or some e > 0, 

6wi one can also take functions that decrease to infinity slower than a power, for 
instance £(x) := (log a;) p~ . 

Note that ifp>a> 1 then 1 < 1 + ^^ < 2. Hence, in this case k = 1 1 + ^^ I = 

J — — pa > L pa J 

1. TTiis means that (|33p - (|34[) are similar to the conditions that describe to so-called 
strong domain of attraction of an a-stable law, i.e. 

l-F Q {x) = -^-+o(-^-j), F (x) = -^- + o( T -^), 
y ' \x\ a \\x\ a+s J v ; \x\ a \\x\ a + 5 J 

for |a;| — >■ oo and for some S > 0. See, for instance, |12j . 

3.3. Some estimates for a = 2. In this section we assume that (Ho) holds true 
with a = 2 and we provide some estimates for the rate of convergence to equilibrium 
with respect to Wasserstein distances of order p > 2. To do so, we will employ the 
same inductive argument on the order p used in the proof of Theorems 13.31 and 
13.41 The first obstacle in this procedure is that, at the best of our knowledge, when 
a = 2, there is not a result comparable to those of Theorems 13.11 and 13.21 The only 
exception is for the Kac model; in this case rates of convergence both in d\ and in 
di are known [19]. It would be useful to prove a result similar to Theorems 13. II and 
13.21 for a = 2 to get estimates for dpijxt-, Moo) — with 1 < p < 2 — and use them 
as the first step of the inductive argument. The main problem is that we do not 
manage to give non trivial upper bounds for d p (fJrt, Moo) with 1 < p < 2. Indeed, 
the only explicit estimate that we are able to provide is given by 

(36) d p (pL t , Moo) < T 2 

for some positive constant I^, for every t > and for every 1 < p < 2. This trivial 
inequality follows since d p < di for every 1 < p < 2 and o^Mtj Moo) - ► as t — > +oo. 
The convergence to zero of di (/it , Moo ) is a consequence of the weak convergence of m* 
to Moo supplemented by the fact that, when Mo satisfies the assumptions of Theorem 
12.21 fi.e. it has zero mean and finite variance), one has f^x 2 /j, t {dx) = J R x 2 [i 00 (dx) 
for every t > 0. 

As for d\, we obtain a non trivial bound passing through Fourier distances. Recall 
that for every s > the Fourier distance \s (also known as weighted %-metric of 
order s) between two probability measures mi & n d M2 on B(R) is defined as 

, \ Imi(0-M2(0I 

X«(MiiMa) :=sup r-r- 
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where = J R e l ^ x fii(dx) for every £ G K and £ = 1,2. These distances are 

very useful in order to easily obtain rates of convergence to equilibrium for every 
a G (0, 2]. Indeed, one can plainly prove the following: 

Proposition 3.8. Assume that (Hq) holds true with a G (0, 2] and p > a. If a ^ 1 
suppose that p,o satisfies the hypotheses of Theorem l2.2l while if a = 1 suppose that 
fio satisfies the hypotheses of Theorem 12.31 If Xp(P-o, (J-oo) < +oo, one has 

X P (Ht,Hoc) < x P (Mo,Moo)e t5(p) . 

In Section |6] we will prove that, for a suitable 5 > 0, the Fourier distance of 
order 2 + 5 can be used as an upper bound for the Wasserstein distance of order 1. 
Combining this fact with Proposition 13.81 with a — 2, we will prove the following: 

Theorem 3.9. Assume that (Hq) holds true with a = 2 and p > 2, and that 
p,Q satisfies the hypotheses of Theorem 12.21 Then, for every 5 G (0, 1) such that 
2 + 5 < p and J" R \x\ 2+s p,o(dx) < +oo, there exists a constant < C < +oo such 
that 

di (/•**> A*°°) < CX2+s(fJ-o, IJ-oo) 1 ^ 'e 1 ^^ 
for every t > with X2+<s(Mo, Moo) < +°o. 

The next theorem provides some estimates for the rate of convergence to equi- 
librium with respect to Wasserstein distances of order higher than 2. 

Theorem 3.10 (a = 2). Assume that (Hq) holds true with a = 2 and p > 2, and 
that fto satisfies the hypotheses of Theorem l2.2l If J R \x\ p p,o(dx) < +oo, then there 
exist a constants < C p = C p (/2o) < +oo such that for every t > 

rf P (Mt,Mooj < | Cpte -tR p ifS(p) = y i2 + s p ) 
with —R p = max{(p(p), y ^ 2 3 ^ £p ^ } and where e v G (0, 1] is the fractionary part of p. 

4. Proofs of Theorem 13.21 and Lemma 1331 

We start with some useful remarks related to the probabilistic representation of 
the solution. Here and in the rest of the paper C(Z) denotes the law of a random 
variable Z . 

Combining © and (jTTJ) , it is plain to check that 

(37) W n+ i = LW' In + RWn +1 _ In for every n > 1 

where (W^)fe>i, (Wjf)k>i are independent sequences of random variables such that 

W' k = Wj! = W k for every k > 1 

and, in addition, (I n )„>i are independent random variables uniformly distributed 
on {1, . . . , n}, (W^)fc>i, (W^')fe>i, (in)n>i) (L, R) are stochastically independent. 

Under the assumptions of Theorem l2.2l or Theorem l2.3[ let (Vj)j>i be a sequence 
of i.i.d. random variables with common law [loo and independent of (f3j. n : j = 
1, . . . , n) n >\. Since /ioo is a stationary distribution for Q + , using (|12p with fi^ = fi^ 
and (|37p . it immediately follows by induction that 

n 

(38) 

3=1 

for every n > 1. 
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4.1. Proof of Lemma 13.51 We begin by proving a simple lemma. 



Lemma 4.1. Consider two probability measures fi\ and (12 on B(R) such that 
d p (fXi,fX2) < +00 for some p > 1. Let fti be a probability measure on B{M?) such 
that C(U ■ V) = fi± when (U, V) is distributed according to /Si. Then, there exists a 
random vector (Xn, Xyz, X2) such that the law of (X±i, X12) is /[ti, the law of Xi 
is /i2 and 



^(/xi,A<2) = E 



XnXi 



X, 



Proof. Let (Xi, X2) be an optimal coupling for (fj,±,fj,2). If /j,2\i denotes the condi- 
tional law of X2 given Xi, then the Disintegration Theorem leads to 

p 



<£(//i, /x 2 ) = E 



|xi - X2\ P H2\i(dx2\xi)m(dxi) 



and, since L \xi — X2\ p fJ-2\i(dx2\xi) is finite [i\ a.s., we can write 



^11^12—^2 



|xiiXi2-Z2|V2|i(dz2|ziiZi2)/ji(dx n , dx i2 ) = 

where (Xn, -X12, -X2) is a random vector whose probability distribution is 
H(dxu,dxi2,dx 2 ) := Li2\i(dx2\xnx 1 2)fii(dx 1 i,dxi2). 

□ 

Thanks to the previous lemma, we can prove Lemma 13.51 
Proof of Lemma \3.5\ From the definition of 70, it is clear that 

lim / xfL^(dx) = 

R-y + OO J(-R <R ) 

and ([21]) follows from (j!?Tj) . It remains to prove the equivalence between the finite- 
ness of d p (p,Q, Hoo) and the one of d p (p,Q, p,^). Firstly, suppose that d p (p,o, Moo) < 
+00. Note that = C(M^) Ca, 7o ) where C\ no is a Cauchy distribution of scale 



parameter A = cqt: and position 70, M^) has law v\ and, finally, C\ tl0 and M, 
are stochastically independent. Hence, by Lemma 14.11 applied with fii = /Zoo 
A'2 = /^o an d /*i = C((C\^ , M^, )), we get the existence of a random vector 
(C*a, 70 , A^Xq) with £(X ) = Po, C{C Xno M^ ] ) = Moo and 



(i) 



d p {no,iioo) = (E 



PutX$ = X - l0) V* 
hence 



C 



d P (f4,V*oo) < ( 



E 



a, 70 



7o)M< 1) . Then, £(X *) = ££, £(V£) - aC and 



E 



lo-7o-<5x, 7o Mi 1) +7oMic 1) 



< dp (/A), /•*«>) + Ito I (E 



1 - M« 



and the last term is finite since d p (/io, fJ-oo) < +00 and S(p) < 0, which entails that 



E 



is finite by Proposition 12. II 

Conversely, suppose that d p (p,Q, /j,^) < +00. Note that /i^ = C(M^}C\.q) and 
hence let (S*,M^ be the random vector given by Lemma T4.ll applied with 
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Mi = m£=, M2 = m5 and mi = C(C x , ,m£ ] ). Thus, £(A *) = £(5 1 *mL 1) *) = M^c 
and 



(39) 



Put X = X * + 7o , = (SJ + 7o )AfS ) *. Then, £(X ) = Mo, £(^oo) = Moo and 
hence 



(40) 



^p(Mo,Moc) < (E 



A -V7 



) ? = (e|x * + 70 - Mg>Si - 7oM«*| ) 



< d, 



E 



1 - Ml 1 )* 



and the last term is finite since d p (Mo,Moo) < +°° and 5(p) < 0. This concludes 
the proof. □ 

4.2. Proof of Theorem 1 3. 2 1 As already anticipated in the introduction of Section 
3, the von Bahr-Esseen inequality has played an important role in proving rates of 
convergence to equilibrium with respect to Wasserstein metrics of order p < 2 in 
the cases in which a/1 (i.e. Theorem l3.ip . For the reader's convenience we recall 
the statement of the von Bahr-Esseen inequality |32| : let Z\ , . . . , Z n be independent 
{real valued) random variables such that E[Z.;] = and E[|Z.;| P ] < +oo for some 
1 < P < 2, then 



(41) 



E 



n 
i=l 



< 



2]TE[ 



In this section we establish the upper bound (|24|) employing once again the von 
Bahr-Esseen inequality. To do this we will need to prove the existence of a random 
vector (Xq, Vq) with marginal laws, respectively, Mo and Moo and such that Xq — Vq 
has finite p-th absolute momentum and zero mean. These properties will be proved 
in Lemma T4.2I which constitutes the main tool for the proof of Theorem l3.2l 



Lemma 4.2. Assume that Mo satisfies (|19p and that (|20p holds. If d p (p,Q, Moo) < 
+oo for some p > 1 such that S(p) < 0, then there exists a random vector (Xq, Vq) 
such that 

(i) C(X ) = Mo, C(V ) = fioc.; 



(ii) E 



X -Vi 



< 



(iii) E(A - V ) = 0. 
Proof. By Lemma [3.51 since <i p (Mo,Moo) < +oo, then d p (pQ, fj,^) < +°° and ([55)) 



holds with 5* and M, 
X 



(i)* 



stochastically independent. Now define 
A *+ 7 o, V :=M£>*(st+ 7o ). 

It remains to prove 



Vq = JqM^' and hence by Proposition 



Then (i) is trivially satisfied. As for (ii), it follows by (j40 
(iii). If Co = then, by Theorem [! 
12.11 it has finite p-th moment. Thus, hypothesis d p (Mo>Moo) < +oo entails that 
J R \x\ p p,o(dx) < +oo and L\x\p,o(dx) < +oo. Combining this fact with (|20)) one 
has E(Aq) = 7o and (iii) follows since one also has E(Vq) = To- Now, let us consider 
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the case Co > 0. Thanks to (ii), Xq — Vq has finite absolute momentum. Recalling 
that e(m^*^ = 1, from the definition of (X ,V ) one immediately gets 

e(x - Vo] = e(x* - m£>s( 



Denote by F * and F^ the probability distribution functions of /j,q and /i^, re- 
spectively. Let (Fq) -1 and (i 7 ^) -1 be the corresponding quantile functions. Since 
(Xq, M^* SI) is an optimal coupling for (jSjjJ,/^), it follows that (Xq , M^*S*) 
has the same law of ((Fq )~ 1 (U), (F^) -1 (U)) where U is a random variable with 
uniform distribution on (0, 1). Combining all these facts it easily follows that 



e(Xq-V )= lim / ""[(FoT'W-ra- 1 ^) 



(III 



for any sequence (e n ) n >i such that e n J. as n — s- +oo. Recalling that F^ is a 
symmetric distribution function, one gets 

Sn (FZ o )- 1 (u)du = 

for every n > 1, which means that 

e(x ~Vo)= lim / (F Q *)~ 1 (u)du. 

For the sake of notational simplicity, from now on, write F* in place of Fq*. In 
order to choose an appropriate sequence (s n ) n >i, consider a real sequence (a n )n>i 

such that for every n > 1 f" 1 1 F*(a n ) ) = a„ and lim, i _ >+00 a„ = — oo. Defining 



.F*(a n ) for every n > 1, it is easy to prove that 

l-e n 

-1 



F7 i (u)fiu= / xdF^(dx) 

J(F,- 1 (e„),Fr 1 (l-e„)) 

+ - e„){l - e n - F* [(F~\l - £„)")] } := A(n) + B(n) 

where F^x - ) :— lim^^- F*(y). To show (iii) we have to prove that (A(n)) n>1 
and (B(n)) are infinitesimal asm +oo. For this purpose, we have to study 
the asymptotic behaviors of F*(x) as |x| — > +oo and of as u — > + or 

u — > 1~. From (fTO)) . we deduce that for every fixed 5 € (0, Co) there exists x = x(8) 
such that 

< iMx) < tor every a; < —a: 

x x 

c + 5 c - 5 

1 < iMx) < 1 tor every x > x. 

x x 

Put Ai = A\(8) := cq + 5 and A2 = A2(S) := cq — 5 and define two functions G\, 

G 2 by 

( -v if a; < -x 
Gi(x) := < 4 1 if -x < x < x 
1 - ^ if x > x 

V x — 

for i = 1,2. Then 

G2(x) < F*(x) < Gi(x) for every x < —5, 

Gi(x) < -F*(x) < G*2(x) for every x > x. 
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Hence, for every u G (0, G2(— x)), 



u u 
and, for every u £ (G2(x), 1), 

~r~~ = < f*H«) < cr 1 ^) = T~~ • 

1 — u 1 — u 

Finally, observe that given 5 and x, there exists n = n(5, x) such that for every 
n > n 

l-e n e(G 2 (i),l), e n e(0,G 2 {-x)), —>x. 

Thus, for n > n one has 

F-^l - e n ) > x and F" 1 (e„) < 

With this information on F* and F~ we are ready to prove that lim n _>+oo A(n) = 
and lim n ^. +00 _B(n) = 0. Firstly, consider B(n): for every n > n we know that 
< i r » _1 (l — s n ) < j 1 - and hence, by monotonicity of F*, 

l-^-F.^d-en)") < l- e „-F.((^)-) < l-n- Gl (^) = £ „(|-1 
On the other hand, 

> > l- £n - G2 (^) = £n (|-l 

Since F~ x (l — e„) > S > 0, we get 

e n (^ ^F-'il - e n ) < B(n) < e n (j± i)F-\1 - e n ). 

Note that A 1 > A 2 , which entails that ^ > 1 and hence B(n) < e n 
£ n ) and B(n) >£„(^- l^Gr^l - e n ). This implies that 

for every n>n, that is, by definition of A,, 

-25 < B(n) < ^425 
c - d 

for every 5 > and for every n > n(<5, x). Hence, lim„_> +00 B(n) = 0. 
Finally, consider A(n). Recall that, from Lemma [3751 



(42) lim / xdF Sf {x)=0. 

R ->+°° J (-R,R) 

We will take advantage of this property by splitting the integral A(n) into two 
integrals, one of them over a symmetric interval about the origin. Fix n > n. If 
-F*He n ) < F-^l-e,,), then 



xdF^(dx) = / xdF 1r {x) 

J{F-^{e n )-F-\e n )) 

xdF* (dx) 

[-F,- 1 (e„),F,- 1 (l-e„)) 
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On the other hand, if —F~ 1 (e n ) > i^H 1 - e„), then 



(44) 



/ 



xdF* (dx) 



{F-\ Sn ),F-\l-e n )) 



xdF*(x) 



(Fr 1 (e„),-_Fr 1 (e„)) 



xdF t (dx) 



Thanks to ([12]). the first integrals on the right hand side of both and (|4"4")l 
converge to zero when n — > +oo. As concerns the second integrals, recall that for 
every n > n one has 



— <-K\*n)<— and — < F- 1 ^ 



0< 



and hence 



< 
< 



xdF*(x) < 



xdF*(x), 



xdF„(x) < / xdF it (x). 
'Hen)) J\4z,^-) 



-F-'(e n )) 

The positiveness can be obtained by further increasing n, if needed. Thus, in order 
to prove that the second integrals in (|4"5|) and (|4"4"|) converge to zero as n — > +oo 
we have to show that M\ xdF ie (x) converge to zero as n — > +oo. By partial 
integration and using the estimates of F* with G\ and G2 we get 



xdF t (x) < F* 



rMi 



< 



1 



An 



Ailog^ 

^2 



Ai 



25 + (cq + <5) log (l + 



IT 



28 

cq - 8 



) 




/ 














L 








&2 A l 1 

= 71 ' £ti ^ 





F„(x)dx 
dx 



Thanks to the arbitrariness of S > 0, this entails that the second integrals in (|4"5)) 
and (|44p converge to zero as n — > +00 and hence linin-^+oo A(n) = 0. This implies 
(iii) and concludes the proof. □ 



Proof of Theorem \3.SX Let (Xo,Vo) be the random vector given by Lemma 14.21 
Consider a sequence (Xj, Vj)j>\ of i.i.d. random vectors with the same distribution 
of (Xq, Vq) and such that (Xj, Vj)j>i is stochastically independent of B = a{{Ji^ n : 
j = 1, . . . , n) n >i}. By (J3SJ) we already know that Ysj=iPj,N t Vj nas probability 
distribution \ioo. Now, for every n > 0, denote by fj, n the law of the random 
variable W n +i, defined in (fl2]) . Hence, by convexity 



n>l 



< £ e -* ( i _ e -*)»-i E £ &>(^ - Vj) 
J'=l 



n>l 
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Since E|X, — Vj\ p < +00 and E(X,- — Vj) = 0, we can make use of the von Bahr- 
Esseen inequality (|41|) — conditionally to B — and get 



E 



n n 

^frAXj - Vj)\ = e[e| £&,„(x 



n 



B 



B 



= 2E|X -FoP'e( 

i=i 



From Lemma 2 in [3], one has 

(45) 



r(n + 5(p)) 



r(n)r(5(p) + 1) 

and hence, recalling that for every 7 > — 1 and < u < 1 



(46) 

one gets 



f rnruV 1 -")"' 1 ^"'^- 
„=i r ( n ) r (7 + 1 ) 



with C p := (2E|X - V \P) P . 



□ 



5. Proof of Theorems 13.31 and 13.41 

In this section we will prove the exponential rates of convergence to equilibrium 
which have been presented in Section 13.11 We will develop in details only the 
proof of Theorem 13.31 since Theorem 13.41 can be proved in a very similar way with 
slight adaptations. As already anticipated, both Theorems 13.31 and 13.41 descend 
from an inductive argument — applied to the order of the Wasserstein distance 
— supplemented by the probabilistic representation of the solution of ([1]) briefly 
recalled in Section 12.11 Recall that for every n > 0, fj, n is the law of the random 
variable W n +i introduced in (fT2"j) . 

We start by proving two simple lemmata: 

Lemma 5.1. Assume that (Hq) holds true for some p > a such that d p (p,o> Hoo) < 
+00. Then the function 

(47) t^a t ( P ) ^^(l-e-*)"- 1 ^^-!,^) 

n>l 

is continuous and bounded on every interval [0,T]. 

Proof. For every fixed t £ [0, T], we have to show that the series in (|47|) converges. 
In view of the hypothesis d p (p, 0l fi^) < +00, there exists a random vector (Xq, V^q) 

such that £(Xq) = po, C(Voo) = fioo and d p (/io, Moo) = (E|X — Voo\ p ) p . Consider 
a sequence (Xj,"Vj)j>\ of i.i.d. random vectors distributed as {Xq,Voo) and inde- 
pendent of (fij <n : j = 1, ...,n) n >i. By ([38]), we have that Y^j=iPj,nVj = Voo] 
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hence 



Ed 

n>l 



3=1 



n>l 

By (|45| . we conclude that the series in (|47|) converges. Thus, the function defined 
in (|47|) is bounded and continuous at every t € [0, T]. □ 

Lemma 5.2. Let ip be the function defined in f|23() . Assume that (Ho) holds true 
for some p > a and define p := sxvp{q > a : tp(q) < 0}. Then the function p is 
continuous on [a,p] if p < +oo and <p(p) < and on [a,p) in all the other cases. 
Moreover one of the following is true: 

(i) the function ip is strictly decreasing on (ct,p); 

(ii) there exists a point po < p such that the function p> is strictly decreasing on 
(a,po) and strictly increasing on (po,p); 

Proof. First of all, by the dominated convergence theorem, one proves that q t— > 
S(q) is continuous on its domain. Moreover, one can easily show that for every q 
belonging to the interior of the domain of S 



(48) 
and 
(49) 



dq 



S(q) = E 



r d 

dq 



R q 



Eli 9 log L + R q logi?), 



d? 
dq 



2 S(q)=E L q (log Lf + B? '(log Rf 



Now consider tp on the interval (0,p); this interval is obviously included in the 
interior of the domain of S and, therefore, p is differentiable on (0,p) and 

q 

Now we claim that there is at most one point po 6 (0,p) such that p'(po) = 0, i.e. 
S'(po)po — S(po) = 0. Computing the derivative one gets 

±(s'(q)q-S(q)) = qS" (q) 

which, from ([15]). is strictly positive since F{(L,R) 6 {0, l} 2 } < 1 (see 0). Thus, 
q i — ^ S'(q)q — S(q) is a strictly increasing function and the claim follows if we show 
that 

(50) lim sup (s'(q)q - S(q)) < 0. 

To this end, fix q € (0, a] and note that 

L q l{L>o} < U{0<L<1} + L a I{ L>1 } 
and that the right hand side is integrable; an analogous fact obviously holds for R. 
Then, by dominated convergence theorem, 



lim S(q) 

<2->0+ 



lim E 

q^>0+ 



L q l{L>0} + R q ^{R>0} 

{L>0}+P{i?>0}-1 
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which, by hypothesis (j4}, is strictly positive and hence — lim g _ >0 + <S(<z) < 0. 

On the other hand, since S is convex and (ifo) holds, then qS'(q) < for every 

q S (0, a]; therefore 

limsup qS'(q) < 

and hence (|50|) holds. Thus, we obtain that there is at most one point po such 
that (p'(po) = 0. The thesis follows since = S(a) > S(p) and hence = f{a) > 
<p(p). □ 

Here we prove a proposition that will give the fundamental tools for the inductive 
argument that we will use in the proofs of Theorems 13. 3113. 4113.101 

Proposition 5.3. Assume that the assumptions of Lemma 15.11 are in force. Con- 
sider the function at defined in (|47j) and a real number q such that 1 < q < p. 
Then 

• if 1 < q < 2 then 

(51) o t {q) < d q (fd , ^)e ts ^ + e ts ^B q f e- rS ^a«(l)dT; 

Jo 



• if P > 2 and q > 2 then 

(52) <r t {q) <d\{fLo^oo)e ts(q) +e ts ^B q f e~ TS ^ a T {l)a T (q - l)dr. 

Jo 

for a suitable constant B q . Moreover, for every s > 1 one has 

(53) d s s (nt, Moo) < cr t {s). 

Proof. Statement (|53[) is trivial since, by Jensen's inequality, one has 

dJ(Mt,Moo) < e _t ( X ~ e_i ) nd 2(Mn,Atoo) = c t (s). 

n>0 

Now we prove (f5T|) and (|52p. Consider two stochastically independent sequences 
(Wfc,V fc ')fe>i. (Wfc.V fc ")A,>i, such that VI = V k " = Voo] additionally, suppose that 
(Wfei ^fe)fe>ii (Wfe'> ^fe")fe>i: are stochastically independent of ((L n , -R„)) n >i, (J n )n>ij 
(N t )t>o and, for every fc > 1, (W^,V^) and (W^',V^') are optimal couplings for 
d s (/ife_i, /Zoo) for every s > 1. Let us specify that we can always find such random 
variables since, having defined for every x G M 

F k (x) := (i k ((-oo,x\) 
Fooix) := ^oo((-oo,x]), 

it suffices to choose W' k = F^U^, W' k ' = F^U'^yl = F~\U' k l V k " = 
F^-(U k ) with (U' k ) k >\, (U k ) k >i, i.i.d. random variables uniformly distributed 
on (0, 1). Recall also the following fact: if a, b £ R + and q > 1, then 

(54) (a + b) q <a q + b q + c q (a q - x b + ab^ 1 ) 

with c q := q if g € [2, 3] and c g := q2 q ~ 3 otherwise; see, e.g., Lemma 3.1 in |24|. Now 
put A n+ i(s) := d 3 s ([i n , /loo) for every n > and s > 1. Thanks to the independence 
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of (Wfc, VI) and (W£, V£), © and (JH lead to 



p t (g) : = eV t (g) < A^g) + £(1 - e"*)^^^ - V?J + " C1-1J 

n>l 

n>l 

+ LR«-i\W' In - Vi\\W': +1 _ In - C+i-zJ 9 " 1 



/ 1 ■ — t\n ^ 

A l(?) + £iI-^£[(E(^)E 

n>l fe=l 



E(i?«)E 



117" - 1/" 



^(L^E^-^' 



9-1 



vv n+l-k v n+l-k 



+ EiLRi-^E W' k - vMw^i-h - Vn+i- 



9-1 



Ai(g) + E 



(i-e-*r 



E (e( j L 9 + i? 9 )E 



n>l 



fe=l 



1 E(L q - 1 R + LR q - 1 )E\Wl e -Vi. 



9-1 



E 



W" - V" 
vv n+l-k v n+l-k 



Recalling that (Wf.,V£) and (Wj!,Vl') have been defined as optimal couplings for 
d s ((j,k-i, Moo) for every s > 1 and putting X q := E(L g + R q ) = S(q) + 1, £? 9 := 
c q E{Li- l R + LR q ~ l ), one has 



(55) pt(g) < A x (g)- 



(l-e-*) r 



n>l 



fc=l 



(A,A fe (g)- 



9-1 



A 



n+l-fc 



(1) ■ 



At this stage, we have to distinguish two different situations, i.e. 1 < q < 2 
or q > 2 (which is possible if p > 2). The reason for this distinction lies in 
the fact that if q > 2 then q — 1 > 1 and hence (by definition of {W).,V£)k>i) 
E \ W k ~ V k\ q ^ = d q q Z\{^k-l, Moo) while, if g < 2 then q - 1 < 1 and E\W' k - V^ 9 " 1 
is not equal to d q -i(fik-i, fJ-oo)- We begin to consider the case q > 2: as already 
noticed, EjW 7 ^ — V^'| 9_1 = A^(g — 1) and hence, from (|55|) . one has 



Pt (q) < Ai(g) + E L — E ( A 9 A ^) + S g A fc (g - l)A n+1 _ fc (l)) 

n>l fe=l 

(1 - e-*p'+ fc 



A iW+EE 



fe>l j>0 



j + fc 



(A g A fe (g)+S g A fe (g-l)A J+1 (l) 



A i(<?) + E E J (! - e- r V+ fc - 1 e-^r(A 9 A fe (g) + 5 9 A fe (g - l)A j+1 (l)' 



fc>l j>0 
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Ai(g)+ /'[EfE^ 1 - 6 " 7 ) 3 ) 1 



e-' r ) fc - 1 A,A fc ( ? ) 



fe>l j>0 



dr 



+ E (D 1 " e- r r e - T A, +1 (l)jB,(l - e^^A^ - 1) 

fc>l j>0 

= Ai(g) + ^ (A 9 p T (g) + B q a T (l)p T (q - l))dr, 
which means that 

p t (q) < Ax(q) + X q [ p T {q)dT + B q f e T a T (l)oy (g - l)dr. 
Jo Jo 

Thanks to Gronwall Lemma (whose applicability is guaranteed by Lemma |5.1[) . it 
follows that 

pt(?) < Ai(g)e A «* + S 9 / e x ^-^e T a T (l)a T (q - l)dr. 
Jo 

Hence, for any q > 2, 

(56) a t {q) < Ai^e-^ 1 -^) + e^ 1 "^, /' e^-^V^lKCg - l)dr 



which gives f|52|) . On the other hand, if 1 < q < 2 then, by Jensen's inequality, 

E \ W k ~ ^fcl 9 " 1 < ( E |Wfc - ^fcl) 9 = AjT^ 1 ) and ' with the same technique used 
to get (|56|) from (|55|) . one can easily obtain 



Jo 

which gives (f5Tj) . □ 

We are now ready to prove Theorem 13.31 and Theorem 13.41 

Proof of Theorem \3.3[ From the hypotheses one knows that S(a) = 0, S(p) < 
and p > 1; hence, thanks to the convexity of S, it is clear that 5(1) < 0. Thus, 
from the proof of Theorem 5 in [3] we have that 

(57) a t (l) <di(/2 ,Mo O )e* s(1) . 

Define the integer A: p > 1 and the real number e p G (0, 1] such that p = k p + e p , i.e. 
k p and e p are, respectively, the integer and the fractionary part of p. 

Step 1. Let us assume that 

(58) <p(i + e p ) 7^ tp(l) for every i= l,...,k p . 
Under this assumption we show by mathematical induction that 

(59) a t (i + e p ) < C i+£p e- tK( - i+e ^ for every i = l,...,k p 
for suitable constants < C,+ ep < +oo with 

(60) -K(i + e p ) :=m<nt{S{i + £ p ),S(l)(i + s p )}. 
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Note that |59l) -(|G0l) for i = k p , supplemented by (|53|) . gives (|25|). In order to prove 
(|59 ]) -([60] ) for i = 1, it suffices to combine (|ST} and <(57j) to get 

a t (l + e p ) <A,(1 + e p )e ts ^ 1+ ^ 
(61) /■< 

P Jo 



withCi := di(^o,Moo) 1+,rp - By hypothesis (J35J) it follows that -«S(l+e p )+«S(l)(l + 
e p ) ^ and hence, solving the integral, one obtains that 

o t {l + e p )<C l+ep e- tK ^ + ^ 

for a suitable constant < Ci+ £p < +oo. This proves ([5^)1 - ([rJO]) for i = 1. If fc p = 1, 
there is nothing else to be proved. If k p > 2 we proceed by induction. Assuming 
that (f5U)) - ([rJ0|) hold true for every i = 1, . . . , j — 1 (2 < j < fc p ), we show that they 
hold for i = j. By and ([STJ) we have that 

a t (j+e p )< ArO' + ^e 45 ^") 

(62) /■* 

+ J B J+ep C 1 C J _ 1+ep e t5 ^+^) / e r[-S(j+=,)+5(l)-lf(j-l+=p)]d T . 



Let us now show that the exponent in the integral above is non-zero, i.e. — 5(j+£ p )+ 
S(l)—K(J — l+e p ) ^ whatever is the value of ip(j — l + e p ). If ip(j — l + £ p ) > tp(l) 
then, by Lemma l5.2| ip(j + e p ) > ip{j ~ 1 + £ p ) and hence 

-5(j + e P ) + 5(1) - - 1 + e p ) < -S(j + e p ) + <p{j - 1 + e p ) 

+ p(j - 1 + e p )(j - 1 + e p ) = -5(j + e p ) + pft - 1 + e p )(j + e p ) 

< -5(j + e p ) + ip(j + e p ){] + e p ) = 0. 

On the other hand, if ip(j — 1 + e p ) < (p(l), then 

-S(j + e p ) + 5(1) - K(j -l + e p ) = -S(j + e p ) + 5(1) 

+ (j - 1 + e p )S{l) = -S(j + e p ) + 5(l)(i + e p ) ^ 

by assumption (|58|) . Having proved that the exponent in the integral in (|62p is 
non-zero, an explicit integration gives (T55)) - ([5D)) provided that the equality 

(63) max{5(j + e p ), 5(1) - K(j - 1 + e p )} = -K(j + s p ) 

holds. Thus, let us prove this equality. If ip(j + e p ) < <p{l) then, by Lemma [5.2[ 
ip(j — 1 + e p ) < tp(l) and by the inductive step — K (j — 1 + e p ) — (j — 1 + e p )5(l). 
Hence, 

max{5(j + e P ),5(l) - K(j - 1 + e p )} = max{5(j + s p ), {j + e P )5(l)} 

which is (j63| . On the other hand, let us assume that ip(j + e p ) > ip(l). We need 
to treat separately two cases. If (p(j — 1 + e p ) < Lp(l) then —K(j — 1 + e p ) = 
( j - 1 + e P )5(l) and hence ([63]) holds. If <p(j - 1 + e p ) > ip(l) then 

max{5(j + e p ), 5(1) - K(j - 1 + s p )} = max{5(j + e p ), 5(1) + S(j - 1 + e p )} 

and, by Lemma \5l2\ ip(j + e p ) > ip(j — 1 + e p ) > <p(l). Hence 

5(1) + 5(j - 1 + e p ) < (p(j - 1 + £ p ){j + e p ) < S{j + e p ). 

This shows that 

max{5(j + e p ),5(l) - K(j - 1 + e p )} = S(j + e p ) = max{5(j + e p ), 5(l)(j + e p )} 
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which is (|63|). This concludes the proof when ([58)) holds. 

Step 2. Let us now assume that ip(p) = (p(l). By Lemma 15.21 it follows that 
ip(j + E p ) < ip(l) for every j = 1, . . . , k p — 1. Hence, the proof can be developed by 
induction as in Step 1 for j = 1, . . . , k p — 1 and in particular — K (k p — 1 + e p ) = 
—K(p — 1) = (p — 1)5(1). Using this equality in ([c?2"[) , one gets 

a t (p) < Ai(p)e t5(p) + SpCiCp-ie 45 ^ / e -P^(p)-<?(i)] dr 

Jo 

= A^e' 5 ^ + BpdCp^te^ < C p te ts{p) 
which gives (|25[) when </?(p) = V?(l). 

Step 3. It remains to consider the case in which there exists i* € {1, . . . , k p — 1} 
such that <^(i* + £p) = 1 ) . Arguing as in Step 1, one proves that ([59| -(|60 |) hold 
for i = 1, . . . ,i* — 1. Moreover, arguing as in Step 2 one gets 

Now we prove that ([55|) - (p0)l hold for i = i* + 1. By (f52"|) and the above inequality 
one gets 

(64) 

a t (i* + 1 + ep) < A^i* + 1 + ep)e t5 ( l * +1+e ^ 

+ B l , + 1+£p C 1 C t , +ep e tS ^' + 1+£ ^ f Te r[-S^ + l+e P )+S(l) + S^+e p )] dT 

Jo 

< A 1 (i* + l + £p)e t5(l * +1+ ^ ) 

+ B l , +l+ep C l C l , +ep e ts ^' +l+ ^ f e ^-s^+^)+sii)+s(e+e P )+ v ] dT 

Jo 

for every rj > 0. Moreover, one has 

-5(i* + 1 + £p) + 5(1) + S(i* + e p ) = -S(i* + 1 + £p) + tp(i* + e p ) + S(i* + e p ) 
[since (p(i* + e p ) = ip(l) = 5(1)] 
= -S(i* + 1 + e p ) + <p(i* + E p )(i* + 1 + £p) 
< -S(i* + 1 + E p ) + (p(i* + 1 + E p )(i* + 1 + E p ) = 
[since, by Lemma [521 + £ p) < <f(i* + 1 + %)]• 

Hence, 

(65) - S(t* + 1 + E p ) + 5(1) + S(i* + E p ) + r\ < 

for any 77 > small enough. Thus, (|64[) gives 

(T t (r + 1 + £p) < Ci.+i+^e" 4 ^ 

with 

-£ = max{5(r + 1 + E P ), 5(1) + S(i* + s p ) + rj}. 

By (|65j) we get -R = S(i* + 1 + e p ) which entails <j59j - ([60]) for i = i* + 1 since, 
as already observed, f(l) < ip{i* + 1 + e p ). The proof can be now concluded by 
induction for j = i* + 2, . . . , k p as in Step 1. □ 
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Proof of Theorem \3.4\ The proof follows the same argument of the one used in the 
proof of Theorem 13.31 In particular we prove by mathematical induction that 



(66) o t (i + e p ) < C i+Ep e- tK ^ i+e ^ for every * = 2, . . . , k p 
for suitable constants < C;+ ep < +oo, with 

(67) - K(i + £ p ) := max{<S(i + e p ), <p(2)(i + e p )}. 



Since p > 2, we use (|52j) as the fundamental tool for the induction. From the proofs 
of Theorem 13. II (when a^l) and Theorem 13.21 (when a = 1) one has 

(68) (7 t (2) < C 2 V 5(2) . 

By Lyapunov's and Jensen's inequalities one gets 

o-t(l)<<7 t (2)* and a t {l + e)<at{2)^ 
for every < e < 1. Combining the above inequalities with (|68p one has 

a t (l) < V2d 2 (/2 ,^oo)e M2) and 
^ <r,(l + e) < ^^(McMoo)^^^. 

Using O in ||52J| , it follows that 

a t (2 + e p ) <A,(2 + s p )e ts ^+^ 

(70) /■* 

+ e ts{2+ep) B 2 +r / Cie rh5(2+£p)+¥ ' (2)(2+,rp)1 dT. 



Noticing that the first step of induction is i = 2, one can follow the same steps 
of the proof of Theorem 13.31 using (|69j) in place of (|57|) , ([70)) in place of (JHTJ) and 
p(2) = ^ in place of tp(l) = 5(1). 

□ 



6. Proofs of Proposition 13.81 and Theorems 13.91 IXTU1 



We start by proving Proposition 13.81 which provides rates of convergence in 
Fourier metrics of suitable orders for any a £ (0, 2]. 



Proof of Proposition \3.8l By convexity of the Fourier distance we know that 

Xa+sfat, Moo) < ^2 e~'(l - e'^Xa+siHn, Moo)- 
n>0 

So we need a bound for Xa+s(n )■ By (f38|) one gets 

n 

(7i) Mo=E[n£oo(&,«o]- 

Now recall that for every n > 1 if Zi, . . . , z n , w±, . . . w n are complex numbers such 
that \zi\ < 1 and \wi\ < 1 for every i = 1, . . . , n, then 



n*-ir 



< 2J |«i - ™ t 
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Using this inequality and (|7T|) one obtains 

Xa+sifJ-n^oo) = SUp j^j^ 



?#0 

rnu Ao(/?j,nO - rnu Aoc(/3j>£)i 



supE 



£o(#j>£) - Aoo(/3j,nOI 



Ao(fij.n£) - Aoo (£>■ »£) I 
1/^0^- Acq (y)l E /y^ ,a+ 



So, by (|4"5|) , one can write 

/ \ ^ -t/-i -t\n i- \ r(n + S(a + 5)) 



r(n)r(5(a + 5) + 1) 
and therefore, using (|4"6")h 

Xa+<s(Mt) Moo) < Xa+s{po,^oo)e ts{a+S} . 



In order to prove Theorem 13.91 we need the following 

Proposition 6.1. For every two probability measures fii, [i 2 on K such that 
J R x 2 fii(dx) < +oo, J R x 2 fi 2 (dx) < +oo and X2+s(t L i, M2) < +00, then 



di{m, /J, 2 ) < Cx2+s 5) (Mi,M2) 



C := 23 +2— M. 



/ 3 + 25 

1 1 / 2 w 4 



□ 



2 n yi + 26 2^ J 

and M 2 := max{ J R x 2 \i\(dx\ J R x 2 fi 2 (dx)}. 

The proof of this proposition can be done following the same argument, with 
slight changes, of the proof of Theorem 2.21 of |11) . 

Proof of Theorem \3.(h It is worth noticing that X2+5(Ao, Moo) is finite. Indeed, as 
already observed, both /2o and fi^ have equal mean (more precisely, zero mean) and 
equal variance. Thus, Proposition 2.6 in |11| entails the finiteness of X2+s{fi<0i Moo) 
provided that J R \x\ 2+s fL (dx) < +00 and J R \x\ 2+s fioo(dx) < +00; the former in- 
tegral is finite by hypothesis, the latter is finite since S(2 + 5) < 0. Under the 
assumptions of Theorem 13.101 one has J R x 2 Ht{dx) = J R x 2 /j, 00 (dx) for every t > 
and hence one can apply Proposition 16. II to get 



dl(jH,fi<x>) < CX 2+ 8 (Mt)Moo) 



28 
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with C that does not depend on t. Now Proposition 13.81 gives 



S(2 + S) 

'1 I ,, \n L 

2+5 

which proves Theorem 13.91 □ 

We are now ready to prove Theorem 13. 101 

Proof of Theorem \3.1(A Define the integer k p > 2 and the real number s p € (0, 1] 
such that p = k p + s p . We prove by induction that 

(?2) ° th p) I CWe""^ if S(j + s p ) = \ V (2 + sp) 

for j = 2, . . . , k p , where —Rj +£p := m&x{S(j + s p ), \f{2 + s p )}. If k p = 2 then 
p = 2 + e p and, in order to use (|52p with g = 2 + e p , we have to compute o~ t (l) 
and cr t (l + s p ). Since J E |x| 2+e!, /2o(da;) < +°° by hypothesis, one clearly has 
Jr M 2+ep Hn(dx) < +oo for every n > 1. Moreover, J K |a;| 2 /z„((ia;) = J R |x| 2 /ioo(cix). 
Then, Proposition 16.11 and Jensen's inequality give 

a t (l) < C^>-'(1 - e- t )"X2 + e p (Mn,Moc)TO 

< c( x; - e -*) n x2 +ep (^^oo)) ™ 

n>0 

and hence, arguing as in the proof of Proposition 13. 8[ 



S(2 + e p ) 



(1) < Cie* 3 < 2+ ^' = C ie ^ 2+e ^ 



where C\ := Cx 2 + £p (mo, A*oo) 3(2+ep) • Moreover, by 

a t (l + s p ) = ]T e-*(l - e-')"^^, M oo) < 

n>0 



Thus, using (|52[) and the above estimates for a t (l) and cr t (l + one has 
a t (2 + s p ) < A,(2 + Sp)e ts ^ + ^ 

+ C 1 T 1 2 +E "B 2+ep e tS( - 2+e ^ f e -rS{2+e p ) e rl v (2+e p ) dt 

JO 

= a t (2 + s p )<A 1 (2 + Sp)e ts{2+ ^ 

pt 5 + 3e 

+ C 1 T 1 2 +£p B 2+£p e ts ^+^ / e" T5(2+£p) TC^. 

Jo 

Clearly 5(2 + s p ) ^ and hence we get 

Ot(2 + Sp) < C 2+epe *™x{5(2+e p ),i V (2+e p )} 

which is the thesis since max{5(2 + e p ), y(2 + e " ) } = y(2 + £p) = -R 2+Ep . This 
concludes the proof if fc p = 2. On the other hand, if k p > 3, assume that (|T2"j) holds 
true for j = 2, . . . , k p — 1. Using (|52|) we get 

+ S^+^dCfc^i+^e* 5 ^^^) f e T ^ s ^ + ^ + ^ 2+e ^a t (kp - 1 + s p )di 
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By the inductive hypothesis, <Jt(k p — 1 + e p ) < D for a suitable constant D > and 
hence 

+ flB fer+£f C 1 ^_ 1+£f e tf ( k ' +E ') f e r[-«(fcp+»,)+^(2+e,)] dr . 

Jo 

and the thesis follows. □ 



7. Proof of Theorem 13.7 



The proof of this theorem is inspired by the proof of Lemma 3.19 in [13) . See 
also Lemma 3.1 in |31| . 

Proof of Part (i) Let 8 € [0,1) such that k + 5 = 1 + Let Cq, , 57, , 
• ■ • j c7 i, Cu_i be given in Proposition 13.61 Note that, since \p\ ^ 1, c+ > and 
Cq > 0> Recall that if U is a random variable uniformly distributed on (0,1) then 
(F _1 (C/), F^-{U)) is a coupling for d p (p, ,fi oo ) and hence 



(73) 



d P (Ao,Moo) < (e F ~ 1 (J7) — F oc 1 (J7) 



< E 



(e|^ - 1 (c/)-g- 1 (c/)| p )" a1 + ( 



E 



G-\U)-F-\U)\ P f M 



where G is a real-valued function of real argument defined by 



(74) 



G(x) 



Eh—X c i 



1 



if ac < -Mi 

if -Mi < x < M 2 

if cc > M 2 



with Mi > 0, M 2 > being such that G is a distribution function, i.e. 
< l; 



(1) Etc 1 

(2) E-=o 



JU. 



(3) G'(x) > for every x € R \ {-Mi, M 2 }. 

As for (1) and (2), it suffices to choose Mi and M 2 sufficiently large. Regarding 
(3), note that 



G'(x) 





Et 



if x G (-Mi,M 2 ) 



fc— 1 c+(i+l)a .r \ 

if x G (M 2 , +00), 



1=0 x (i+l)a + l 



which is positive for sufficiently large M,'s. Thus, the function G is a distribution 
function and G _1 is its quantile. With a simple change of variables in (|73|) we can 
write 



:S0 
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G- l (Fo(y))-y dF (y))" + / G~ (Foo(y)) - y dF^y) 



(-M,+M) c 
-1 



dp(fM), fJ-oo) < ( 

= C - G- l {F {y))-y' dF Q {y)y + C 

G- 1 (F 00 (y))-y P dF 0C (y)Y A1 

'(-M,+M)<= 7 

where M > max{Mx,M 2 }, Co := ( /, 



/(-M,+M) 



G^{F G {y))-y dF (y) 



< +00, 



Coo ■ — 



/ P \ -Al 

[S(-M, + M) G ~ 1 ( F °°(y))~y dF oc (y)y < +oo. Hence, the finiteness of 



the dp distance between /iq and follows if we show that 



{-M,+M)<= 



G~ 1 (Fo(y)) - y dF (y) < +oo, 



G-^Fooiy)) - y dFo^y) < +oo. 

I(-M,+MY 

Let us start studying the first integral confining ourselves to the calculus on the 
interval (M, +oo) (the integral on (— oo, —M) can be treated in the same way): we 
introduce the function 



H{x) := F {x) - G(x) (x > M). 

By hypotheses (f34|) and (|35|) we deduce that H (x) = o( ^ { k+s) a ) ■ Assuming, with- 
out loss of generality that fb(M) > G(M2) 1 using Taylor expansion of G -1 (.Fb(x)) 
around G(x) we have that 



G~ 1 (F (x)) = G- 1 (G(x)+H(x))^G- 1 (G(x))+H(x)^G- 1 (u) 

du 



u=G{x) 



H 2 (x) d 2 
2 du 2 



G-\u) 



u=G(x)+6H(x) 



for some € (0, 1). Now, putting R x := G~ 1 (G(x) + 9H(x)), we obtain 



(75) 



G- 1 (F (x))-x 



H{x) / H(x) G"{R x )G'(x) 



G'(x) 



From the definition of G given in (|74[) we compute 



fc-i - 



g"(x)=-x: 



" 1 ct(i + l) a [(i + l)a + l] a(a + l)c,j 



i=0 



| x |(i+l)a+2 



|Q+2 



(l + o(l)) for x -> + 



DC' 



and therefore (1751 becomes 



(76) 



G- 1 (F (x)) - x = —\H(x)\\x\ a+1 (l + o(l)) 



a + l J ff(x) \R x \ 2a+1 



f^(l + «(!)) 
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for x +00. We now show that H{x) 1 rfrsrr = °W f° r x ~^ +00. By further 
increasing M, if needed, we can say that there exist A + > 0, > such that for 
every x > M 

G_(x) < G(x) < G+{x) 
where G±(x) := 1 — j^p. In particular 



1-1/ 



G- + 1 (y)<G- 1 {y)<GZ 1 (v) 

for every y sufficiently close to 1. Since G{x) + 6H{x) —± 1 for x — > +00, we obtain 

i 

A~ 



G _1 (G(a) + 0Jf(a;)) < GI^G^e) + 6»iJ(a;)) 



1 - [G{x)+6H(x)} 



< 



A : 



l-G+(x) -0H{x) 
A«\x\ 



i -[}-m 

(a+ - B\x\ a H{x) 

where o(l) is for x — > +00. Recalling that H(x) — ^(k +S}a J ; we can conclude 



i = K(a:T +0{1) ) 



that 



2q+1 i 



2q+1 



0(1) 



for x — > +00 and therefore, from (|76[) . 



a e 



ii/(x)Hxr +i (i+ (i)). 



Hence, for suitable positive constants G, G', G", G"', we can write 

+00 „ p+co 

M 



G-'fFoW)-! rffoW < G y_ (|if(o;)||x| a+1 J dF (a:) 



G' 



'17 M^l 
^.+00 

= C _ C p (\x\)\x\ pa(1 - k - S)+p dFo{x) 

J M 

r+00 

= C _ C p (\x\)\x\ a dF {x) 
Jm 

From Lemma |7. II below the last term is finite by further increasing M in order to 
have M > B. 

This argument, which proves that jjj G~ 1 (Fo(y)) — y dFo(y) < +00 can be 

extended to the same integral with (—00, —M) as domain of integration. 

p 

The integral J^_jj G^ 1 (F ao (y)) — y dF oa (y) can be treated in the same way 

noticing that, in view of Proposition [BTH i 7 ^ satisfies conditions similar to (pt5|) and 



:S2 
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(|34j) with ((x 



- ui-<H-(i+*=?)a 



. This shows that d p (^tOi Moo) < +00. 



Proof of Part (ii) Suppose that /3 = — 1 (the case /3 = 1 can be done in an 
analogous way). We start as in the proof of Part (i) writing 

du 



< 



F -\u)~F^(u) 

■Fb(O) 



F o (0) 



1 

-Fo(O) 



f/lf 



< 



F o (0) 



!-Al 



du 



[F-'(F (0)), + oo) 



\x\ p dF (x) 



|ar| p dFoo(x) 



[i ? « 1 (-Pb(0)),+oo) 

The first integral can be treated with the same argument of Part (i); the second 
integral is finite by hypothesis; the third, by partial integration, is finite whenever 
/ (1 - J F oc (x))x p - 1 dx is finite. Now, since S(s) < 0, Proposition 13.61 gives 1 — 
F^x) = 0(x~ s ) and hence J + °°(l - F^x^xP' 1 dx < C f^°° x^-'dx < +00. 

The proof of the following lemma is left to the reader. 

Lemma 7.1. Let £ be the function defined in Theorem 13.71 and suppose that 
holds true. Then 



□ 



C p (x)x a dF {x) < +00. 



Appendix A. Proof of Proposition 

In this appendix we prove Proposition 13.61 The main point is to recall the well- 
known asymptotic expansion for the probability distribution function of an a-stable 
law with a^l: 

Proposition A.l (|13 [ |2T | 134]). Let F a be the distribution function of an a-stable 
law of parameters (A, /3) with a =/= 1 . 
V \ft\ 1} then for every k > 1 



(77) F a (x) = jJL- 



-k-i 



■r 



2o 



(78) l - F ^ = ^ + ^ 



ka 
+ 

fe-1 



X 



k<\ 



o 

f o 



1 



|a;|(*+l)a 

1 

x (k+l)a 



for x — > —00 
for x — > +00 



where Cq are related to (A, j3) by (| 1 T[) and 



(79) 



„± 



(-l) < A i+1 r(a(i + 1)) sin(f(j + l)(a ± /3)) 
vr(i + 1)! 
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for i = 1, . . . , k — 1 where (A, /3) are related to (A, (3) by 

p := -arctan(/3tan(#(a)^)), A := j^ — 

7T 2 COS(pf) 



with 

K{a) 



a if a < 1 

a - 2 if a> 1. 



Moreover, if (3 = — 1 \(3 — 1, resp.], i/ien (|77| [ (|78p . resp.] ZioZds £rue and 1 — 
F Q (x) = O^^p) (a;) = O^-^-), resp.] for x +oo [/or x -oo, resp.] /or 
every r/ > 0. 

This proposition follows from Theorem 1.4 of |13| by a simple integration of the 
density therein. See also Section 2.4 of [3T] and Section 2.4 of |34) . 
On the other hand, if a = 1 and = Cq , then i<i is a symmetric Cauchy dis- 
tribution of scale parameter A = c^tt and a straightforward asymptotic expansion 
gives 

(80) Fl(a) = g^^+i^ +0 (iii^) for ^-°° 

for every k > 1. Combining (|30p . Proposition IA.1I and (|50|) we obtain Proposition 



Appendix B. Proof of Theorem 12.31 

Proof of Theorem \2.3i The theorem can be proved in a very similar way of Theorem 
1 of [3]. In particular it is based on the following simple result: Let (X n ) n >i be a 
sequence of iid random variables with common distribution function F$. Assume 
that (dj n )j>l,n>l is a sequence of positive weights such that 

and lim max a, n = 0. 

ri->+oo l<j<n 

If Fq satisfy (|19j) with a = 1, Co > and (|20|l holds, then J~)j—i o-jnXj converges in 
law to a Cauchy random variable of scale parameter ira^co and position parameter 
Q!oo7o- To prove this result, according to the classical general central limit theorem 
for array of independent random variables, it is enough to prove that 

(81) lim C n(x) = ^ (x^O), 

(82) lim lim a 2 n {e) = 0, 

e— >0+ ri-> + oo 

(83) lim r\ n = aoo7o 



lim 



3=1 
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are simultaneously satisfied where 

n n 
Cn(x) := I{X < 0} QjAx) + Hx > 0} ^(1 - Qj, n (x)) (x G 

j'=i i=i 



?7n := 



vl{£)-=Y{l x 2 dQ jin (x) - ( f xdQj.Jx)) 2 } (e>0), 

~1 1 A-e,+e] V -/(-e,+e] 7 J 

n „ 

Y\{l- Qj,n(l) ~ Qj,n(-1) + / xdQj,„(a;)}, 



'(-1,1] 

Qj, n (x) := F (aJ^x) with the convention F o (-/0) := I[o,+oo)(') 



-l , 



See, e.g., Theorem 30 and Proposition f f in [TB|. Conditions (|8ip and (|82p can be 
proved exactly as the analogous conditions of Lemma 5 in [3] ■ As for condition 
note that 



n p n 

Vn = ^ o-jn I xdF (x)+y^a j 

j = l J (-l/aj n ,l/a jn \ j =l 



Using the assumption on Fq and {a,j n )jn it follows immediately that 



lim 2_ a jn / xdFo 

" ~i J(-l/a jn ,l/a in ] 



(x) = (XoolO 



and 



lim a jn 

n * — * 



Ooo(co - c ) = 0. 



This gives (|83|) . Using this result one obtains the analogous of Lemma 5 in [3) for 
a = 1. At this stage the proof can be completed following the proof of Theorem 1 
in [3]. □ 
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